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8 Self-Organizing Neural Networks

8.1 Supervised and Unsupervised Learning

Learning algorithms which were considered for a single perceptron,
linear adaline, and multilayer perceptron belong to the class of
supervised learningalgorithms.

In this case the training data is divided into input signals,x(n), and
target signals,d(n). A typical learning algorithm is driven by error
signals ε(n) which are the differences between the actual network
output, y(n), and the desire (or target) output for a given input.

For a pattern learning, we can express the weight update in the
following general form

∆w(n) = L(w(n),x(n), ε(n))

whereL represents a learning algorithm.

If we say that a neural network can describe a model of data, then a
multilayer perceptron describes the data in a form of a hypersurface
which approximates a functional relationship betweenx(n), and
d(n).
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Figure 8–1: Functional relationship between data points
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Self-organizing neural networks — Unsupervised Learning

Following the terminology used in [Hay99], we say that a
self-organising neural network, which employs the principle of
unsupervised learning, discoverscharacteristic featuresin input data
without using a target or desired output (an external teacher).

Information about the characteristic features of input data is created
during the learning process and stored in the synaptic weights. Output
signals describe relationship between the current input signals and the
weight vectors.

Two basic groups of unsupervised learning algorithms and related
self-organizing neural networks, namely:

• (Generalised) Hebbian Learning

• Competitive Learning

can be distinguished by the type of characteristic features that they
“discover” from the input data, namely, “shape” of data and clusters of
points.
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Generalised Hebbian Learningextracts from data a set ofprincipal
directions along which data is organised in ap-dimensional
space.

Each direction is represent by a relevant weight vector. The
number of those principal directions is, at most, equal to the
dimensionality of the input spacep.

In an illustrative example presented in Figure 8–2 the
two-dimensional data is organised along two principal directions,
w1 andw2.
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Figure 8–2:A 2-D pattern with principal directions
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Competitive Learning extracts from data a set ofcenters of data
clusters.

Each center point is stored as a weight vector. It is obvious that
the number of clusters is independent of dimensionality of the
input space.

In Figure 8–3 two-dimensional data is organised in three clusters,
their centres represented by three weight vectors.
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Figure 8–3:A 2-D pattern with three clusters of data

An important extension of a basic competitive learning is known
asfeature maps. A feature map is obtained by adding some form
of topological organization to neurons.
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Generalized Hebbian Learning

8.2 Basic structure of Hebbian learning neural networks

The basic structure of a neural network employing Hebbian learning
algorithms consists of a single layer decoding part and a learning part
as illustrated in Figure 8–4.

The decoding layer contains a single weight matrixW which is
m× p. Each row weight vector is associated with one neuron.

The decoding layer is often linear, which further simplifies the network
structure. The complexity of the network comes from the structure of
the learning law employed.

Note the absence of the target value in the encoding/learning part
(un-supervised learning).
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Figure 8–4:A block-diagram of a basic Hebbian learning neural network

The basic idea behind a Hebbian learning law is to make the update of
a synaptic weight proportional to both input and output signals, that is,

wji(n + 1) = f(wji(n), yj(n), xi(n)) = wji(n) + ηyj(n)xi(n) (8.1)

These two signals,yj andxi are locally available at theji synapse,
therefore, this type of a learning law is termed as alocal learning law.
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The concept of thelocal learning law is illustrated in Figure 8–5.
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Figure 8–5:A neural network with a local learning law circuitry (l.l.)

It may be observed that the neuron output signal,yj, is available
locally at the synapse through the additional feedback connection. This
feedback is essential to the learning process.

A.P.Paplínski 8–6
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Thebasic Hebbian learninglaw in the form as in eqn (8.1) cannot be
used because it is fundamentallyunstable, that is, weights reveal an
unlimited grow during the learning process.

It is relatively simple to show that if a stable solution to the learning
law (8.1) exists it must be zero.

Assuming for simplicity linear neurons and re-writing eqn (8.1) in a
matrix form gives:

W(n + 1) = W(n) + ηy(n)xT (n) = W(n) + ηW(n)x(n)xT (n)

Application of the expectation operator,E[·], to both sides yields

E[W] = E[W] + ηE[W]E[xxT ]

Hence, the steady-state value of the weight matrix,W̄ = E[W], must
satisfy the following equation

W̄R = 0

where

R = E[xxT ] ≈ 1

N
XXT

is the inputcorrelation matrix .

The input correlation matrix is non-singular, therefore, the only
possible steady-state value of the weight matrix isW̄ = 0.

More detailed consideration can be found in [Hay99].

A.P.Paplínski 8–7
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8.3 Stable Hebbian learning

In order to stabilize a Hebbian learning law two basic steps are required

• Assuming thatx is ap-dimensional random vector representing
the input data, it is required that itsmeanto be zero:

E[x] = 0

In practical calculations with MATLAB, when input vectors are
collected in thep×N input matrix X, the non-zero mean is
removed from the input data in the following way:

mX=mean(X,2) ; X=X-mX(:,ones(1,N));

Note that if the mean is zerocorrelation matrix is identical to
covariancematrix.

• The basic Hebbian learning law is to be modified in such a way
that the magnitude of weight vectors should tend to unity.

Assuming for simplicity a single neuron network, it can be
achieve by the following normalization:

w ⇐ w + ηyxT ; w ⇐ w/||w|| (8.2)

where the vector magnitude is calculated in an usual way as:

||w|| =
√√√√ p∑

i=1
w2

i , also ||w||2 = wwT

A.P.Paplínski 8–8



NNets — L. 8 February 10, 2002

Normalization as in eqn (8.2) is computationally relatively complex,
therefore, we can use the following simplification based on the Taylor
series expansion.

1

||w + ηyxT ||
=

=
1√

(w + ηyxT )(w + ηyxT )T
=

1√
wwT + 2ηywx + η2y2xTx

If we assume that the previous weight vector was normalised, that is,

wwT = ||w||2 = 1

and thatη � 1 is small so thatη2 is negligible, then we can further
write:

w + ηyxT

||w + ηyxT ||
≈ w + ηyxT

√
1 + 2ηywx

≈ (w + ηyxT )(1− ηywx)

≈ w + ηyxT − ηy2w − η2y2xT ≈ w + ηy(xT − yw)

It can be proved that if we update weights according to the last
equation, that is,

w(n + 1) = w(n) + ηy(n)(xT (n)− y(n)w(n)) (8.3)

then the magnitude of the weight vector will be close to unity,
||w|| → 1.

This is the form of the weight update used in the generalised Hebbian
learning.
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8.4 A single neuron case — the Oja’s rule

The unsupervised learning algorithm described in eqn (8.3) for a single
neuron case is known as the Oja’s rule, and can be written in the
following form:

∆w = ηy(xT − yw) = ηyx̃T , y = wx = xTwT (8.4)

where the augmented input vector is:

x̃ = x− ywT (8.5)

The negative term brings in the required stabilization of the learning
law. To show this we calculate the projection of the update vector,∆w
onto the current weight vector,w:

∆wwT = xTwT − ywwT = y(1− ||w||2)

Therefore, if the current weight vector is not on the unit circle, the
update vector will bring the next weight vector closer to the the unit
circle.

The Figure 8–6 illustrate the internal structure of the Oja’s rule (8.4).
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Figure 8–6:Structure of the Oja’s rule neural network

Each synapse aggregates the dendritic signal, and, during learning,
generates the augmented input signal, and updates its weight.
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Extraction of the first principal direction

It is now possible to show that applying the learning law of eqn (8.4),
the weight vectorw converges to theeigenvector q1 of the input
correlation matrix R associated with the largesteigenvalue λ1 of
R.

The direction of the eigenvectorq1 is referred to as the firstprincipal
direction.

The sketch of the proof of the necessary convergence condition is as
follows (for a rigorous treatment the reader is referred to [Hay99]).
Substitution of eqn (8.5) in eqn (8.4) yields:

∆w = η(wxxT −wxxTwTw)

Applying the statistical expectation operator to both sides gives:

E[∆w] = η(wE[xxT ]−wE[xxT ]wTw) (8.6)

The terms in eqn (8.6) can be estimated as follows. If we assume that
the weight vector converges to a steady-state value, then the
expectation of the weight update vectors is zero, that is,E[∆w] = 0.
The expectation of outer products of input vectors is the covariance
(correlation) matrix:

R = E[xxT ] ≈ 1

N
XXT

Now, eqn (8.6) can be written as

wR = (wRwT )w (8.7)

If we denote the scalar:

λ1 = wRwT (8.8)
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Using definition (8.8) we can finally re-write eqn (8.7) in the following
form

wR = λ1w (8.9)

Alternatively, if we assume that

w(n) → ±qT
1 as n →∞ (8.10)

we have:
Rq1 = λ1q1 where λ1 = qT

1 Rq1 (8.11)

Eqn (8.11) specifies a pair: an eigenvectorq1 and related eigenvalue
λ1 which are characteristic values of a matrix (R in this case) such
that, if R acts onq1 it modifies only the magnitude of the
eigenvector.

It can be shown that a “well behaving”p× p matrix has exactlyp
eigenvector-eigenvalue pairs.

It can also be shown thatλ1 defined in eqn (8.8) or (8.11) and
obtained using the Oja’s rule is the largest eigenvalue of the input
correlation matrix,R.

As it is stated in eqn (8.10) the weight vector converges to the
eigenvectorq1, but the orientation of these two vectors does not have
to be the same.

Therefore, comparing the weight vector with the eigenvector when
monitoring the convergence process, it is better to use the projection
rather than the difference, that is:

|w · q1| → 1 whereas ||w − q1|| → 0 or + 2 (8.12)

Condition (8.12) can be used to conveniently monitor the convergence
process.
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8.5 Self-Organizing Principal Component Analysis

The single neuron structure can be extended into ap-neuron network,
the weight vector associated with subsequent neurons extracting the
subsequent eigenvectors of the input correlation matrix.

Such a network performs thePrincipal Component Analysisalso
known as the Karhunen-Loève transform. The objective of this
analysis (transform) is to extract all principal directions characterising
input data.

The learning law involved is known as the Sanger’s rule or Generalized
Hebbian Algorithm (GHA).

The idea behind the generalization of the Oja’s rule neural network is
to use in the learning part of neurons theaugmented input vectorsas
specified by eqn (8.5).

The weight update in the Sanger’s rule, that is, the Generalized
Hebbian Algorithm can be described in the following way:

y1 = w1x , x̃1 = x− y1w
T
1 , ∆w1 = ηy1x̃

T
1

y2 = w2x , x̃2 = x̃1 − y2w
T
2 , ∆w2 = ηy2x̃

T
2

· · ·
yj = wjx , x̃j = x̃j−1 − yjw

T
j , ∆wj = ηyjx̃

T
j

· · ·

(8.13)

The above equations are illustrated in Figure 8–7.
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Figure 8–7:Structure of thejth neuron of the GHA neural network
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Figure 8–8: A synapse implementing the Generalised Hebbian Learning

Detailed structure of a single synapse implementing the generalised
Hebbian learning is presented in Figure 8–8. The signals in the
synapse are specified as follows:

• the dendritic activation signal

vj,i = vj,i−1 + wji · xi , (vj,0 = 0 , yj = vj,p)

• the augmented input signal

x̃ji = x̃j−1,i − wji · yj

• the synaptic weight update (learning law)

∆wji(n) = η · yj(n) · x̃ji(n) , wji(n + 1) = wji(n) + ∆wji(n)
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In order to re-write theGeneralised Hebbian Learningalgorithm in a
matrix for, let us first note that from eqn (8.13), we can write the
augmented input signal vectors in the following form:

x̃T
j = xT − [y1 . . . yj]


w1
...

wj

 = xT − [y1 . . . yj 0 . . . 0] W

= xT − ỹT
j W

where
ỹT

j = [y1 . . . yj 0 . . . 0]

is the output vectory in which the lastm− j components are set to
zero. Subsequently, the weight update for thej neuron specified in eqn
(8.13) can be re-written in the following form

∆wj = η(yjx
T − yjỹ

T
j W )

Finally, the pattern update of the whole weight matrix in the GHA
algorithm can be expressed in the following compact form:

y = Wx , ∆W = η(yxT − tril(yyT )W ) (8.14)

where tril(·) denotes the lower-triangular matrix with elements above
the main diagonal set to zero.

The sketch of the prove that the network weight vectors converge to
the eigenvalues of the input correlation matrix is as follows. Taking the
statistical expectation operator on both sides of the weight update
equation (8.14), and assuming that in the steady-state the updates are
zeros, we have

0 = E[WxxT ]− E[tril(WxxTW T )W ]

A.P.Paplínski 8–15



NNets — L. 8 February 10, 2002

This can be re-written as

WR = tril(WR W T )W

or 
w1
...

wp

 R = tril(


w1
...

wp

 R
[
wT

1 . . . wT
p

]
)


w1
...

wp


The lower-triangular matrix in the right-hand side is of the form:

Λ = tril(WRW T ) =


λ1

{λji}
... 0

λp

 , where λji = wjRwT
i

Therefore we finally have


w1
...

wp

 R =


λ1

{λji}
... 0

λp




w1
...

wp

 (8.15)

or

WR = Λ W (8.16)

The first row of eqn (8.15), namely,

w1R = λ1w1 , where λ1 = w1RwT
1

is exactly the same as eqn (8.11) from the Oja’s network, the weight
vector of the first neuron,w1, converging to the eigenvector of the
input correlation matrix associated with the largest eigenvalue,λ1.

In order to show that the other weight vectors converge to subsequent
eigenvectors it is enough to show that the off-diagonal coefficients
λji = wjRwT

i converge to zero due to orthogonality of the
eigenvectors.

A.P.Paplínski 8–16
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8.6 Example of image compression using GHA

An image to be compressed is arr × cc sub-image from
‘gatlin’ :

load gatlin
rr = 120 ; cc = 180 ; %numbers of rows and columns of Img
Img = X((1:rr)+20, (1:cc)+20) ;
figure(1), image(Img) , colormap(map)

The image is divided intor × c blocks, eachnth block being
converted into ap = r × c component vectorx(n). These vectors
are stored in ap×N matrix X:

r = 4 ; c = 4 ; p = r*c ;
X = blkM2vc(Img, [r c]) ;
[p N] = size(X) ; % X is 16 by 1350 = 120 by 180

The next step is to remove the mean fromX, that is, to normalize it.
The pattern matrixX is now ready to be used in the learning
algorithm:

Xm = mean(X’)’ ;
X = X - Xm(:, ones(1, N)) ;
X = X/max(max(abs(X))) ;

The internal learning loop goes through all patterns fromX (one
epoch) updating weights in a ‘pattern mode’. In order to monitor the
convergence process the length of the weight vectors,lw , is calculated.
It is expected that when the weights converge to respective
eigenvectors their lengths will be unity. This condition is checked in
the outer loop.
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m = 4 ; % number of neurons
W = 0.6*(rand(m, p)-0.5) ; % weight initialisation
lw = sum((W.ˆ2)’) ; % length of weight vectors
W2 = zeros(N, m) ; % changes to the length of weight vectors
figure(2)
eta = 2e-2 ; % learning gain
er = .05 ; % the length convergence error
ep = 0 ; % number of training epochs
while (sum( abs(1-lw) < er ) < m) & (ep < 16)

[rs rn] = sort(rand(1, N)) ;
for n = 1:N

x = X(:, rn(n)) ; % randomised selection of patterns
y = W*x ;
dW = eta*(y*x’ - tril(y*y’)*W) ;
W = W + dW ;
lw = sum((W.ˆ2)’) ; % length of weight vectors
W2(n, :) = lw ;

end
plot(W2),

ep = ep+1 ;
if ep == 1

plot(W2), axis([0 1400 0 1.1])
title([’lengths of weight vectors during training’])
xlabel(’pattern number’)

end
grid, drawnow
end

plot(W2), axis([0 1400 0.5 1.1])
title([’lengths of weight vectors after ’,num2str(ep),’epochs’])
xlabel(’pattern number (the last epoch)’), grid, drawnow
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It the above example, there arem = 4 neurons, that is, the neural
network is trained for onlym = 4 out of p = 16 ‘principal
directions’, specified by the eigenvectors of the input correlation
matrix.

After one pass through the training data only the first weight vector
representing the most significant eigenvector has converged to achieve
the unity length as demonstrated in Figure 8–9.
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pattern number

Figure 8–9: The length of the weight vectors representing them most significant
principal directions.

After ep = 7 epochs, allm = 4 weight vectors have attained the
unity length within the error specified byer as presented in
Figure 8–10.
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Figure 8–10:The length of the weight vectors representing them most
significant principal directions.

It is possible to observe that during training the weight vectors
converge in a serial way, one by one, starting from the weight vector
representing the most significant principal direction.

Next we will check that the weight vectors are really equal to the
eigenvectors of the input correlation matrix,R = X ·X ′. A number
of aspects need to be taken into account in this comparison.
First, theeig function arranges the eigenvectors as the column vectors
whereas the weights are row vectors.
Secondly, the eigenvalues must be sorted in the descending order and
the respective eigenvectors must be re-arranged accordingly.
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Thirdly, the orientation of the eigenvectors and the weight vectors
might be opposite. This can be done as follows:

R = (X*X’)/N ; % the autocorrelation matrix
[V D] = eig(R) ;
dd = diag(D)
d = flipud(dd(p-m+1:p, :)) ;
VV = fliplr( V(:, p-m+1:p)) ;
WV = W*VV

Now, d containsm largest eigenvalues, andVV is a p×m matrix
of respective eigenvectors of the input correlation matrix.
In order to verify that the weight matrix has converged tom principal
directions we calculate all possible inner products between allm

weight vectors andm eigenvectors. Them×m matrix WVstores
these products. The diagonal terms of this matrix should ideally be
equal to±1, whereas the off-diagonal terms should be zero. In our
example, we have;

WV = W*VV = 1.0004 0.0308 -0.0029 0.0164
0.0059 0.9972 -0.0465 -0.0316
0.0039 -0.0199 -1.0029 -0.0001

-0.0022 0.0353 0.0100 -0.9860

which looks as a sensible approximation.

The next test is to check that the variance of the output signals is equal
to the eigenvalues of the input correlation matrix.

yy = W*X ; % the output signals m by N
vy = var(yy’)’ ;

[ d vy ]
2.2875 2.2913
0.1575 0.1571
0.1138 0.1147
0.0424 0.0415

Indeed, the approximation seems to be satisfactory.
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In order to obtain the compressed image, the matrix of output vectors
Y = yy is transformed first into a reconstructed input matrix̂X= Xr

X̂ = W ′ · Y (8.17)

The reconstructed input matrix can now be re-arranged intor × c

image blocks. This can be done in the following way:

Xr = W’*yy ;
Imr = vc2blkM(Xr, r, rr) ;
Imr = round(mc*Imr/max(max(Imr))) ;
figure(3), image(Imr), colormap(gray(mc))

The original and compressed images are shown in Figure 8–11.

Figure 8–11:The original and compressed images.
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